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A class of nonlinear Galilei-invariant generalizations of the heat equation
admitting infinite-dimensional Lie symmetry is presented. Lie symmetries and
examples of exact solutions are found for some nonlinear equations generalizing
the heat equation. Full sets of the absolute differential invariants for two non-
equivalent representations of the Galilei algebra are constructed.  2001 Academic
Press
1. INTRODUCTION
ŽIt is well known that all classical methods the Fourier method, the
.method of the Laplace transformations, and so forth use the principle of
linear superposition of solutions for solving linear partial differential
Ž .equations PDEs of mathematical physics. From the algebraic-theoretical
point of view it means that these classical methods use the property of any
linear PDE to be invariant with respect to an infinite-dimensional Lie
algebra. Indeed, all homogeneous PDEs of the form
LU t , x  0, x x , . . . , x 1Ž . Ž . Ž .1 n
are invariant with respect to the Lie operator

X U t , x  ,   , 2Ž . Ž .U U U
where L is a linear differential operator and U is an arbitrary solution of
Ž . Ž .1 . The Lie algebra generated by operator 1 is infinite-dimensional one,
since a space of solutions of linear PDEs is infinite-dimensional.
126
0022-247X01 $35.00
Copyright  2001 by Academic Press
All rights of reproduction in any form reserved.
NONLINEAR GALILEI-INVARIANT PDEs 127
Ž . Ž . Ž .Operator 2 for the arbitrary solution U t, x U t, x generates the1
following formula for generation of solutions:
U 1 U t , x   U t , x . 3Ž . Ž . Ž .new 0 1 1
1 Ž . Ž .Here U is a new solution, U t, x is the given initial solution of 1 , andnew 0
 is an arbitrary constant.1
Ž .If operator 2 will be sequentially applied to a series of solutions
Ž . Ž . Ž . Ž .U t, x , U t, x , . . . , U t, x , then the generalization of formula 3 is1 2 m
obtained,
U m U t , x   U t , x   U t , x , 4Ž . Ž . Ž . Ž .new 0 1 1 m m
where  , . . . ,  are arbitrary constants. Under the assumption of series1 m
Ž .convergence in the right-hand side and m , formula 4 takes the form

U U t , x   U t , x . 5Ž . Ž . Ž .Ýnew 0 k k
k1
Ž .Generally speaking, the solutions representation 5 is the main idea of
classical methods for solving linear PDEs. From the algebraic-theoretical
point of view this is the use of the infinite-dimensional Lie algebra
Ž .generated by 2 for construction of a general form of solutions for the
 given PDE. In the recently published paper 1 , this known fact was
accurately proven.
Unfortunately, almost all nonlinear PDEs of modern mathematical
physics are not invariant with respect to infinite-dimensional Lie algebras.
It means that the principle of linear superposition cannot be applied to
generate new exact solutions for such PDEs. Thus, the classical methods
are not applicable for exact solving nonlinear partial differential equations.
Of course, a change of variables can sometimes be found that transforms a
nonlinear PDE into a linear equation, but finding exact solutions of most
Ž .nonlinear equations generally requires new methods approaches .
Nowadays one of the most popular methods for construction of exact
 solutions to nonlinear PDEs is the Lie method. This method 27 is based
on using the Lie symmetry of a given PDE for the construction of its exact
solutions. Although the technique of this method is well known, new
results are constantly obtained for nonlinear PDEs with non-trivial Lie
symmetries.
In this paper, we will deal with nonlinear generalizations of the classical
heat and Burgers equations.
In Section 2, a class of nonlinear Galilei-invariant generalizations of the
Ž Ž . Ž ..classical heat equation is presented see formulae 15  17 . The main
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result of this section draws a conclusion that there are several reasons to
consider this class as an alternative to the well-known generalizations of
the heat equation.
In Section 3, the results of Section 2 are extended on the case of
nonlinear reactiondiffusionconvection equations. By the way, full sets of
the absolute differential invariants for two non-equivalent representations
of the Galilei algebra are constructed. It should be stressed that all PDEs
are written both in the two-dimensional case and multidimensional case.
2. NONLINEAR GALILEI-INVARIANT
GENERALIZATIONS OF THE HEAT EQUATION
Ž . Ž .Consider the n 1 -dimensional linear diffusion heat equation
U  U, 6Ž .t
UŽ .where UU t, x is an unknown differentiable function, U  , xt  t
Ž .x , . . . , x . This equation is known to be invariant under the generalized1 n
Ž . Ž  .Galilei algebra AG 1.n see, e.g., 82
P   , P   , J  x P  x P ,t t a a ab a b b a
x 7Ž .a
IU , G  tP  I ,U a a 2
n
D 2 tP  x P  I ,t a a 2
8Ž .
1 nt22   t P  tx P  x I I ,t a a 4 2
and the infinite-dimensional Lie algebra generated by operator
XU* t , x  , U U*. 9Ž . Ž .U t
  Hereafter   ,   ,   , and a summation is assumed from 1U t aU  t  x a
to n over a repeated index a. Note that the algebra produced by the
Ž . Ž .operators 7 is called the Galilei algebra AG 1.n and its extension by
using the operator D will be referred to as the extended Galilei algebra
Ž .  AG 1.n 7, 9 .1
It is well known that operators P and P generate a group of time- andt a
space translations, and the operators J generate a group of spaceab
rotations. The group of space translations and rotations is called the
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Ž .Euclid group E n . The operator I is the so-called unit operator. Finally,
the operators G , D, and  generate the groups of the Galilei scale, anda
Ž  .projective transformations, respectively for details see, e.g., 9 . Note that
  ŽLie 10 was the first to calculate the maximal invariance algebra i.e., the
. Ž . Ž .Lie symmetry of the linear 1 1 -dimensional heat Eq. 6 .
The standard nonlinear generalization of the heat equation has the form
U  A U U , 10Ž . Ž .t a a
Ž .where A U is the coefficient of diffusion. Hereafter the indices a
1, . . . , n to the function U denote differentiation with respect to the
variables x , . . . , x , respectively. Lie’s symmetries of multidimensional Eq.1 n
Ž .  10 were completely described in 11 . As it follows from this paper,
Ž . Ž . Ž .among nonlinear equations NEs of the form 10 only 2 1 -dimensional
equation
1 1U  U U  U U 11Ž .t x xx x1 21 2
is invariant under the infinite-dimensional Lie algebra generated by the
operator
X f x , x   g x , x   2 f U , 12Ž . Ž . Ž .1 2 x 1 2 x x U1 2 1
where f and g are an arbitrary solution of the CauchyRiemann system
f  g ,x x1 2
13Ž .
f g .x x2 1
Ž . Ž .Using operator 12 , it is possible to generate new solutions of NE 11
Ž .starting from arbitrary solutions of linear system 13 . Thus, one can
consider such multiplication of solutions as an nonlinear analogue of the
principle of linear solutions superposition.
Ž .However, the structure of NE 11 is very specific, so that this equation
cannot describe a wide range of heat diffusion processes. On the other
Ž . Ž . 1hand, nonlinear heat Eq. 10 for A U U possesses no infinite-di-
mensional Lie symmetries.
Ž .Let us consider instead of NE 10 the NE
I IIW  A U U W , 14Ž . Ž .a na
which in the case W II  0 takes the formn
W 0
U  A U U  , 15Ž . Ž .t a a IIWn
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where
U U  Ut 1 n
U U  U1 t 11 1nIW  , 16Ž .
   
U U  Unt n1 nn
U U  U11 12 1n
IIW  , 17Ž .   n
U U  Un1 n2 nn
and
0 U  U1 n
U U  U1 t 11 1n0 I IIW  W UW ,t n
   
U U  Unt n1 nn
 2U  2U
U  , U  .at ab x  t  x  xa a b
Ž . Ž .Remark 1. In the stationary case i.e., U  0 Eq. 10 coincides witht
Ž . II IIEq. 15 , if W  0. Solutions of the MongeAmpere equations W  0n n
Ž  were studied in several papers the book 7 contains the relevant bibliog-
.raphy .
Ž . Ž .As to the structure, NE 15 is heat Eq. 10 with the fixed nonlinear
 term and it was suggested in 8, 12 , using the Galilean relativistic princi-
ple.
Ž .Indeed, the heat Eq. 6 is invariant with respect to the Galilei transfor-
Ž Ž ..mations see the operators G in 7 ; namely,a
t t , x  x  t ,a a a
1 1 18Ž .
UU exp   x   t ,a a až /2 2
Žwhere  , a 1, . . . , n are transformation parameters the inertial refer-a
.ence system velocity components . On the other hand, no NE of the form
Ž .10 is invariant with respect to the Galilei transformations. In contrast to
Ž . Ž .NE 10 , any NE of the form 15 is invariant with respect to the Galilei
transformations of the form
t t , x  x  t ,a a a 19Ž .
UU.
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Ž .It turns out that any NE of the form 15 is invariant with respect to the
infinite-dimensional Lie algebra.
Ž . Ž .THEOREM 1. The maximal algebra of inariance MAI for NE 15 at
an arbitrary smooth function A is the infinite-dimensional Lie algebra gener-
ated by the operators
P   , P   , J  x P  x P ,t t a a ab a b b a
20Ž .
 G  f t  , . . . , G  f t  ,Ž . Ž .1 1 1 n n n
and
D 2 tP  x P , 21Ž .t a a
Ž .where f t , a 1, . . . , n are arbitrary smooth functions.a
The proof of this and the following theorems is based on the classical
Ž  .Lie scheme see, e.g., the well-known books 27 . Here the detailed
cumbersome calculations are omitted. It should be also noted that a
complete description of the Lie symmetries for nonlinear PDEs containing
 arbitrary functions is quite non-trivial 13 .
Ž .It is easily seen that in the case f t  t, a 1, . . . , n the Galileia
operators
G0  t , a 1, . . . , n 22Ž .a a
are obtained from the operators G. These operators generate the Galileia
Ž .transformations 19 .
Ž . Ž .The infinite-dimensional Lie algebra 20 , 21 is characterized by the
standard commutation relations for the extended Euclid algebra
² Ž . : AE n , P , D and the commutation relations for operators G ,t a
  G , P  G , G  0,a b a b
  G , J  	 G  	 G ,a a b a , a b a , b a1 1 1 1 1 1 23Ž .
df da G , P  P  G ,a t a adt dt
and
d
  G , D G  2 t G , 24Ž .a a adt
where the 	  0, 1 is the Kronecker symbol.a, b
 0 Ž .In the case G G , a 1, . . . , n, relations 23 reduce to the relevanta a
0Ž .commutation relations for the Galilei algebra AG 1.n with basic opera-
tors P , P , J , G0, a, b 1, . . . , n. In contrast to the Galilei algebrat a ab a
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Ž . Ž . 0Ž .AG 1.n with basic operators 7 , the algebra AG 1.n does not contain a
unit operator I. Analogously one obtains the relevant commutation rela-
0Ž . ² 0Ž . :tions for the extended Galilei algebra AG 1.n  AG 1.n , D .1
The operators G generate the following group of transformations:a
x  x   f t , a 1, . . . , nŽ .a a a a 25Ž .
t t , UU.
Ž . Ž . Ž .If U t, x is a fixed solution of NE 15 then using formulas 25 one can0
obtain a new solution
U U t , x   f t , . . . , x   f t , 26Ž . Ž . Ž .Ž .new 0 1 1 1 n n n
where  , . . . ,  are arbitrary constants. Thus, the formula of the solutions1 n
Ž .multiplication 26 can be considered a principle of nonlinear solutions
Ž .superposition for NEs of the form 15 .
Ž . Ž .Let us consider the 1 1 -dimensional NE 15 ; i.e.,
U Ut x x
U   A U U . 27Ž . Ž .t x xUx x
This equation can be written also in the form
IW  A U U U , 28Ž . Ž .x x xx
where
U Ut xIW  .
U Ut x x x
Ž .All equations of the form 27 are nonlinear. Taking into account the
structure of the classical heat equation
U U , 29Ž .t x x
Ž . Ž .it is natural to consider NE 27 at A U  1, i.e.,
W I U 2 , 30Ž .x x
Ž .as its analogue. It should be noted that NE 30 can be rewritten as the
following system:
U  VU Ut x x x
U 31Ž .t x
V .
Ux x
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One can easily check that this system is invariant with respect to the
Galilei transformation
t t , x xt ,
32Ž .
UU, V  V .
Ž .On the other hand, system 30 can be considered as the classical diffu-
sionconvection equation
U  VU U 33Ž .t x x x
Žwith the given differential relation between the concentration tempera-
.ture U and the material velocity V. It should be stressed that the single
Ž .equation 33 is also invariant with respect to the Galilei transformation
Ž .32 . We remind the reader that there are two possibilities for the material
Ž . Ž . Ž . Ž .velocity V in 33 , namely, i V is a parameter no function! , ii V is a
function on U, x, t, which can be given in several ways. In the first case,
Ž .Eq. 33 is reduced to the classical heat equation by the local substitution
z x Vt , UU t , z . 34Ž . Ž .
Ž .In the second case, Eq. 33 is underdetermined and needs some additional
relation. The simplest functional relation VU leads to the well-known
Ž .Burgers equation that is Galilei-invariant and is again reduced to 29 by
 the non-local ColeHopf substitution 16 . On the other hand, the differ-
ential relation VU U also leads to the Galilei invariance. More-t x x x
Ž .over, Eq. 30 obtained in this way has some attractive properties.
Ž .THEOREM 2. MAI of NE 30 is the infinite-dimensional Lie algebra
generated by the operators
P   , P   , P   ,t t x x U U
IU , D 2 tP  xPU t x 35Ž .
G f t  ,Ž . x
Ž .where f t is an arbitrary smooth function.
Ž .Recall that the maximal invariance algebra of the linear heat Eq. 29 is
Ž . Ž .generated by the operators 7  9 at n 1.
Ž . Ž .As one can see, Lie algebras of Eqs. 29 and 30 have very similar
Ž . Ž .structures. Indeed, putting Eq. 30 instead of 29 we lose only the
operator of the projective transformation . However, the relevant class
Ž .of generalizations of Eq. 30 preserves both its Galilei symmetry and its
infinite-dimensional Lie algebra.
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Ž .One can apply operators of algebra 35 for construction of ansatze and¨
Ž .exact solutions of NE 30 using standard procedure. In this particular
case, taking the operator
YG D I 36Ž .
and solving the corresponding Lagrange equations, one obtains the ansatz
x f tŽ .'U t 
  ,  . 37Ž . Ž .'2 t
Ž . Ž .Substituting ansatz 37 into NE 30 , the family of exact solutions
'U t c exp   c exp  38Ž . Ž . Ž .1 2
Ž .is obtained. Here f t is an arbitrary smooth function and c , c are1 2
Ž .arbitrary constants. In the particular case, the family of exact solutions 30
gives the solution
 c x1
U exp  . 39Ž .ž /' 't 2 t
As we can see, this solution has a very similar structure to the fundamental
solution
c x 21
U exp  40Ž .ž /' 4 tt
Ž . Ž  .of the classical heat Eq. 29 . It is well known see, e.g., 14 that formula
'Ž .40 at c Q2  gives the exact solution of the Cauchy problem for1
Ž .Eq. 29 and the initial condition
, x 0U 0, x  41Ž . Ž .½ 0, x 0
with the additional restriction

U t , x dxQ. 42Ž . Ž .H

It is the problem of momentary explosion of heat energy. On the other
Ž  .hand, according to molecular-kinetic theory see, for details, 14 , the
Ždistribution function of heat energy must be an exponential function with
. Ž  . Žrespect to the variable x! of the form U c exp  x ,  0 no1
Ž 2 . . Ž .function U c exp  x ! . However one can check that solution 39 at1
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' Ž . Ž . Ž .c Q2 2 is the exact solution of problem 30 , 41 , 42 and satisfies1
the above-mentioned requirement of molecular-kinetic theory.
Now let us formulate a theorem which gives complete information on
Ž . Ž .Lie symmetry properties of NE 28 for A U  const.
Ž .THEOREM 3. MAI of NE 28 is the infinite-dimensional Lie algebra
generated by
Ž .a the operators
P   , P   , D 2 tP  xPt t x x t x
43Ž .
G  f t  ,Ž . x
Ž .if A U is an arbitrary smooth function;
Ž . Ž .b the operators 43 and
D ktP UP 44Ž .1 t U
Ž . kif A U  U ;
Ž . Ž .c the operators 43 and
D ktP  P 45Ž .2 t U
Ž . Ž . Ž .if A U   exp kU . Here f t is an arbitrary smooth function and , k
R, k 0.
We remind the reader that the standard nonlinear generalization of the
heat equation
U  A U U 46Ž . Ž .t x x
is invariant with respect to the finite-dimensional Lie algebra for any fixed
Ž .function A U . Indeed, according to the well-known Ovsiannikov result
  Ž .4 , the MAI of NE 46 has the basic operators:
Ž . Ž .a P   , P   , D 2 tP  xP , if A U is arbitrary smootht t x x t x
function;
Ž . Ž . kb P , P , D, and D ktP UP , if A U  U , k43;t x 1 t U
Ž . Ž . Ž .c P , P , D, and D ktP  P , if A U   exp kU .t x 2 t U
Ž .As we can see the finite-dimensional parts of Lie algebras of NE 28
Ž . Ž . Ž . Ž .coincide with MAI of NE 46 in the cases a , b , c , respectively. Thus,
Ž .all Lie ansatze constructed for NE 46 with a fixed nonlinearity can be¨
Ž . Ž .applied also to its analogue of the form NE 28 . For example, NE 46 for
Ž . k  A U  U , k 0,2, has the known waiting-time solution 15
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1k2k x
U , 47Ž .
2 k 2 c  tŽ . Ž .1
which can be obtained using an ansatz generated by the operator D. Its
Ž . Ž . kanalogue for NE 28 at A U  U , k 0, 2, has the form
1k2 2k x
U . 48Ž .2 c  t2 k  4 Ž .Ž . 1
 Ž .On the other hand, applying the operator G to the solution U t, x of0
Ž .NE 28 , one can obtain the formula for generation of solutions
U U t , x f t , 49Ž . Ž .Ž .new 0
Ž .where U is a new solution containing an arbitrary smooth function f t .new
Ž .Taking into account this formula, solution 48 can be generalized to the
form
1k22k x f tŽ .Ž .
U . 50Ž .2 t c2 4 k Ž .Ž . 1
Ž .In contrast to 47 , this exact solution contains the arbitrary smooth
Ž .function f t and one can satisfy an arbitrary boundary condition at
x x .0
Ž . Ž .Note that any stationary i.e., time-independent solution U x of NE0
Ž . Ž Ž ..28 can be transformed into the non-stationary solution U x f t using0
Ž . Ž .formula 49 . In the case of NE 46 it is impossible.
Thus, from the algebraic-theoretical point of view, the heat equation
Ž .generalization 28 is well founded. Indeed, in contrast to the standard
Ž .nonlinear heat Eq. 46 , it is invariant with respect to the infinite-dimen-
sional Lie algebra. From this fact it follows that any equation of the form
Ž .28
 satisfies the Galilean relativistic principle, since it is invariant under
Ž .transformations 19 ;
 admits a principle of nonlinear superposition of solutions given by
Ž .formula 49 ;
 is reduced to ordinary differential equations using ansatze of the¨
Ž .corresponding equation of the form 46 . Moreover the exact solutions
found by the Lie approach have similar properties.
Ž .Remark 2. The results obtained for two-dimensional equations 27
Ž . Ž . Ž . Ž .and 46 can be generalized on the n 1 -dimensional Eqs. 14 and 10 .
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3. NONLINEAR GALILEI-INVARIANT
REACTIONDIFFUSIONCONVECTION EQUATIONS
Here we deal with equations that take into account three main mecha-
nisms of heat transfer, namely diffusion, convection of heat energy, and
Ž . Ž .absorption extraction of heat by space sink source . Usually such equa-
tions are called reactiondiffusionconvection equations and are written
in the form
U  A U U  B U U  C U , 51Ž . Ž . Ž . Ž .t x xx
Ž . Ž . Ž .A U , B U , C U being some smooth functions. Lie’s symmetries of
Ž .equations of the form 51 were completely described in the recently
 published paper 13 . In that particular case, it was established that there
are only two nonlinear equations preserving the Galilei symmetry,
U U   UU 52Ž .t x x 1 x
and
U U   log U U   U, 53Ž . Ž .t x x 1 x 2
 where  ,   R. The first one is the well-known Burgers equation 161 2
Ž . Ž .and Eq. 53 is its logarithmic analogue. Similarly to the case of Eq. 46 ,
Ž .there are no nonlinear PDEs of the form 51 with infinite-dimensional Lie
point symmetry algebras.
Having in mind to find reactiondiffusionconection PDEs invariant
under infinite-dimensional Lie algebra, we have constructed a class of
equations
U Ut x x
U   A U U  B U U  C U . 54Ž . Ž . Ž . Ž .t x xxUx x
This class can be also written in the form
IW  A U U  B U U  C U U . 55Ž . Ž . Ž . Ž .x x x xx
It is easily checked that any PDE from this class is invariant with respect
to the infinite-dimensional Lie algebra generated by the operators
P   , P   ,t t x x
56Ž .
G  f t  ,Ž . x
Ž .where f t is an arbitrary smooth function.
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Moreover, one can write classes of multi-dimensional generalizations of
PDEs constructed above. It is natural to suggest the class of PDEs
I IIW  A U U  B U U U  C U W 57Ž . Ž . Ž . Ž .'a a a na
for isotropic medium and
I a a IIW  A U U  B U U  C U W 58Ž . Ž . Ž . Ž .a a na
Ž . Ž . Ž . aŽ . aŽ .for anisotropic medium. Here A U , B U , C U , A U , B U , a
1, . . . , n, are arbitrary smooth functions; determinants W I and W II aren
Ž . Ž .denoted in 16 , 17 .
Ž .THEOREM 4. MAI of NE 57 is the infinite-dimensional Lie algebra
Ž .generated by the operators 20 .
Ž .THEOREM 5. MAI of NE 58 is the infinite-dimensional Lie algebra
generated by the operators
P   , P   ,t t a a 59Ž .
 G  f t  , . . . , G  f t  ,Ž . Ž .1 1 1 n n n
Ž .where f t , a 1, . . . , n are arbitrary smooth functions.a
Ž . Ž .As follows from these theorems, both classes of PDEs 57 and 58
satisfy the Galilean relativistic principle given by invariance transforma-
Ž .tions 19 , and admit the principle of nonlinear solutions superposition
Ž .given by formula 26 .
We constructed the classes of nonlinear Galilei-invariant generalizations
of the classical heat equation using the absolute differential invariants W I
II 0Ž .  and W of the Galilei algebra AG 1.n , which were found in 8 . On then
0Ž .other hand, one can use absolute invariants of another AG 1.n algebra
Ž . Žrealization. In fact, the Burgers Eq. 52 without losing generality, we put
. 0Ž .  1 is invariant under the AG 1.1 algebra with realization1
P   , P   , G1  t   . 60Ž .t t x x x U
It is easy to check that there is no local substitution reducing operators
Ž .60 to the form
P   , P   , G0  t ; 61Ž .t t x x x
Ž . 0Ž .i.e., we deal with two different non-equivalent AG 1.n realizations.
Ž .However, having the full set of the absolute invariants for algebra 61
 8, 12
U Ut xII U, I U , I W  ,1 2 x 3 U Ut x x x
U Ut t t xII III W U , I W  62Ž .4 1 x x 5 U Ut x x x
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Ž .we can easily construct the relevant one for algebra 60 . In fact, one
Ž .checks that the I , I , I , I are the absolute invariants for algebra 602 3 4 5
and only I is no invariant. Happily, we can use the known invariant1
I 1 U UU instead of the I , because the invariant I 1 contains the1 t x 1 1
variable U. This invariant is functionally independent of the I , I , I , I ,2 3 4 5
so that the invariants I 1, I , I , I , I form a full set of the absolute1 2 3 4 5
Ž .invariants for algebra 60 .
Remark 3. Here we do not consider high-order differential invariants,
because our attention is focused on the second-order PDEs. Thus, we
Žconstruct sets of absolute invariants just up to the second-order concern-
 ing the general theory of differential invariants construction; see 18 and
.papers cited therein .
Having the set of the absolute invariants I 1, I , I , I , I , one can1 2 3 4 5
suggest the simplest generalization of the Burgers equation,
U U UU  g U , 63Ž . Ž .t x x x x
0Ž . Ž . Žthat is invariant under the AG 1.1 algebra with realization 60 g is an
. Ž .arbitrary smooth function . Lie symmetries of Eq. 63 have been studied
 in 17 .
It turns out that the multi-dimensional case absolutely differs from the
two-dimensional one. Since a multi-dimensional generalization of the
invariant I 1 is unknown, the full set of the absolute invariants must be1
found.
THEOREM 6. The first- and second-order inariants
U , U , a, b 1, . . . , n , W I , W II , W III , 64Ž .a ab
where
U U  Ut t t1 t n
U U  U1 t 11 1nIIW  65Ž .
   
U U  Unt n1 nn
and
U   1 n
U U  U1 t 11 1nIIIW  , 66Ž .
   
U U  Unt n1 nn
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form the full set of the absolute differential inariants for the Lie algebra with
the basic operators
P   , P   , G1  t    , a 1, . . . , n , 67Ž .t t a a a a a U
where  , . . . ,  are arbitrary constants.1 n
Ž . Ž .Remark 4. In the 1 1 -dimensional case only ! , the known invari-
1 1 Ž I III .ant I is obtained in the following way: I  W U W U ,   1.1 1 x x x 1
Finally, we present some consequences of Theorem 6. It should be
stressed that the invariant W III is an absolute differential invariant of the
Euclid algebra only for       0. In fact, the invariant W III with1 n
zero lambdas is equal to UW II, so that one is invariant under the group ofn
the rotation transformations, generated by the operators J , a, bab
1, . . . , n. However, if there is at least one   0, then the W III is nok
absolute invariant of the above-mentioned group. In other words, one
cannot use the W III to construct a set of absolute differential invariants
0Ž . Ž .for the Galilei algebra AG 1.n with basic operators 67 and J . Thus,ab
 taking into account the results of 8 we can formulate the following
theorem.
THEOREM 7. The first- and second-order inariants
W I , W II , I , . . . , I , n 2, 3, 68Ž .1 2 n
where
I U U , I  U, I U U U , I W II ,1 a a 2 3 a b ab 4 n
U U U U U U11 12 11 13 22 23I    , I U U U U5 6 a b aa b a1 1U U U U U U21 22 31 33 32 33
Žhere summations are assumed from 1 to n oer the repeated indices a, b, and
.a form the full set of the absolute differential inariants for the Galilei1
Ž .algebra with the basic operators 67 and J , if  , . . . ,  are arbitraryab 1 n
constants. In the case       0, there is an additional zero-order1 n
inariant I U.2 n1
It is easily seen that the multi-dimensional case fundamentally differs
Ž .from the 1 1 -dimensional one because there is no analogue of the
absolute invariant I 1 among the invariants given in Theorems 6 and 7.1
Thus, it is impossible to construct any reasonable multi-dimensional gener-
Ž .alization of the Burgers equation, using invariants given by formulae 64
Ž .or 68 . In other words, we have found the reason why one considers just
Ž .the 3 1 -dimensional NavierStokes system of equations as a multi-di-
mensional generalization of the Burgers equation. This anomaly does not
Ž .occur in the multi-dimensional case of the Galilei algebra realization 61
Ž .see Theorems 4 and 5 , i.e., in the case       0.1 n
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